This paper corrects the classification result for biharmonic C-parallel Legendrian submanifolds presented by D. Fetcu and C.
Introduction
In Theorem 5.1 of [5] , Fetcu and Oniciuc presented the classification result for proper biharmonic C-parallel Legendrian submanifolds in 7-dimensional Sasakian space forms. The case (2) of the theorem is proved by applying Lemma 4.4 in [1] . However, the Lemma is wrong, and hence the classification is incomplete. This paper corrects errors in [1] , and moreover, completes the classification. Our main result is the following, which corrects Theorem 5.1 in [5] . Theorem 1.1. Let f : M 3 → N 7 (ǫ) be a C-parallel Legendrian immersion from an 3-dimensional Riemannian manifold into a 7-dimensional Sasakian space form of constant ϕ-sectional curvature ǫ. Then M 3 is proper biharmonic if and only if one of the following two cases occurs:
(1) M 3 is flat, N 7 (ǫ) = S 7 (ǫ) with ǫ > −1/3, where S 7 (ǫ) is a unit sphere in C 4 equipped with its canonical and deformed Sasakian structures, and f (M 3 ) is locally congruent to such that −1/ √ α < λ < 0, 0 < a ≤ (λ 2 − α)/λ, a ≥ d ≥ 0, a > 2c, λ 2 = 1/(3α);
(2) M 3 is non-flat, N 7 (ǫ) = S 7 (ǫ) with
and f (M 3 ) is locally congruent to
where y = (y 1 , y 2 , y 3 ), ||y|| = 1 and
By applying Theorem 1.1, for ǫ = 1 we have the following, which corrects Corollary 5.2 in [5] . (1) M 3 is flat, and f (M 3 ) is locally congruent to
(2) M 3 is non-flat, and f (M 3 ) is locally congruent to
where y = (y 1 , y 2 , y 3 ) and ||y|| = 1.
Legendre curve in S 3 (ǫ), and it is a geodesic if and only if µ 2 = 1. Also, z(x) is a closed curve if and only if ǫ satisfies
Remark 1.2. The immersion described in (1) of Corollary 1.1 can be rewritten as
where (z 1 (u), z 2 (u)) is a Legendre curve in S 3 (1) given by
and y(u, v) is a Legendrian surface in S 5 (1) given by
We can check that y(v, w) is C-parallel in S 5 (1).
Preliminaries

Sasakian space forms
A (2n + 1)-dimensional manifold N 2n+1 is called an almost contact manifold if it admits a unit vector field ξ, a one-form η and a (1, 1)-tensor field ϕ satisfying
Every almost contact manifold admits a Riemannian metric g satisfying
The quadruplet (ϕ, ξ, η, g) is called an almost contact metric structure. An almost contact metric structure is said to be normal if the tensor field S defined by
vanishes identically. A normal almost contact structure is said to be Sasakian if it satisfies
The tangent plane in T p N 2n+1 which is invariant under ϕ is called a ϕ-section. The sectional curvature of ϕ-section is called the ϕ-sectional curvature. Complete and connected Sasakian manifolds of constant ϕ-sectional curvature are called Sasakian space forms. Denote Sasakian space forms of constant ϕ-sectional curvature ǫ by N 2n+1 (ǫ).
Let S 2n+1 ⊂ C n+1 be the unit hypersphere centered at the origin. Denote by z the position vector field of S 2n+1 in C n+1 and by g 0 the induced metric. Let ξ 0 = −Jz, where J is the usual complex structure of C n+1 which is defined by JX = iX for X ∈ T C n+1 . Let η 0 be a 1-form defined by η 0 (X) = g 0 (ξ 0 , X) and ϕ 0 be the tensor field defined by ϕ 0 = s • J, where s : T z C n+1 → T z S 2n+1 denotes the orthogonal projection. Then, (S 2n+1 , ϕ 0 , ξ 0 , η 0 , g 0 ) is a Sasakian space form of constant ϕ-sectional curvature 1. If we put
for a positive constant α, then (S 2n+1 , ϕ, ξ, η, g) is a Sasakian space form of constant φ sectional curvature ǫ = (4/α) − 3 > −3. We denote it by S 2n+1 (ǫ). Tanno [11] showed that a Sasakian space form N 2n+1 (ǫ) with ǫ > −3 is isomorphic to S 2n+1 (ǫ); i.e., there exists a C ∞ -diffeomorphism which maps the structure tensors into the corresponding structure tensors.
Legendrian submanifolds in Sasakian space forms
We denote the second fundamental form, the shape operator and the normal connection of a submanifold by h, A and D, respectively. The mean curvature vector field H is defined by H = (1/m)Tr h. If it vanishes identically, then M m is called a minimal submanifold. In particular, if h ≡ 0, then M m is called a totally geodesic submanifold. A Legendrian submanifold in a Sasakian manifold is parallel, i.e., satisfies∇h = 0 if and only if it is totally geodesic. Here,∇h is defined by
A Legendrian submanifold is called C-parallel if∇h is parallel to ξ.
For a Legendrian submanifold M in a Sasakian space form, we have (cf. [2] )
for any vector fields X, Y and Z tangent to M . We denote by K ij the sectional curvature determined by an orthonormal pair {X i , X j }. Then from the equation of Gauss we have
3)
The following Legendrian submaifolds can be regarded as the simplest Legendrian submanifolds next to totally geodesic ones. Definition 2.1. An n-dimensional Legendrian submanifold M n in a Sasakian manifold is called H-umbilical if every point has a neighborhood V on which there exists an orthonormal frame field {e 1 , . . . , e n } such that the second fundamental form takes the following form:
where λ and µ are some functions on V .
Biharmonic submanifolds
Let f : M n → N be a smooth map between two Riemannian manifolds. The tension field τ (f ) of f is a section of the vector bundle f * T N defined by
where ∇ f , ∇ and {e i } denote the induced connection, the connection of M n and a local orthonormal basis of M n , respectively. A smooth map f is called a harmonic map if it is a critical point of the energy functional
over every compact domain Ω of M n , where dv is the volume form of M n . A smooth map f is harmonic if and only if τ (f ) = 0 at each point on M n ( [4] ). The bienergy functional E 2 (f ) of f over compact domain Ω ⊂ M n is defined by
Then E 2 provides a measure for the extent to which f fails to be harmonic. If f is a critical point of E 2 over every compact domain Ω, then f is called a biharmonic map.
In [6] , Jiang proved that f is biharmonic if and only if its bitension field defined by
vanishes identically, where R N is the curvature tensor of N . A submanifold is called a biharmonic submanifold if the isometric immersion that defines the submanifold is biharmonic map. Minimal submanifolds are biharmonic. Non-minimal biharmonic submanifolds are said to be proper.
Loubeau and Montaldo introduced a class which includes biharmonic submanifolds as follows.
is a critical point of the bienergy functional E 2 with respect to all normal variation with compact support. Here, a normal variation means a variation f t through f = f 0 such that the variational vector field V = df t /dt| t=0 is normal to f (M ). In this case, M or f (M ) is called a biminimal submanifold in N .
An immersion f is biminimal if and only if
where {·} ⊥ means the normal part of {·}. Clearly, biharmonic submanifolds are biminimal.
C-parallel Legendrian submanifolds
A special orthonormal basis
We recall a special local orthonormal basis which is used in [1] (cf. [5] ). Let M be a non-minimal Legendrian submanifold of N 7 (ǫ). Let p be an arbitrary point of M , and denote by U p M the unit sphere in T p M . We consider the function f p :
A function f p attains a critical value at X if and only if h(X, X), ϕY = 0 for all Y ∈ U p M with X, Y = 0, i.e., X is an eigenvector of A ϕX . We take X 1 as a vector at which f p attians its maximum. Then there exists a local orthonormal basis {X 1 , X 2 , X 3 } satisfying (cf. [1] )
1) where
Lemma 3.1. The vector X 1 ∈ T p M can be differentiably extended to a vector field X 1 (x) on a neighborhood V of p such that at every point x of V , f x attains a critical value at X 1 (x).
Proof. Let E 1 (x), E 2 (x), E 3 (x) be an arbitrary local differentiable orthonormal frame field on a neighborhood V of p, such that E i (p) = X i . The purpose is to find a local differentiable vector field X 1 (x) = y i (x)E i (x) such that (y 1 ) 2 + (y 2 ) 2 + (y 3 ) 2 = 1 and at every point x of V , f x attains a critical value at X 1 (x). As in the proof of Theorem A in [7] , we apply Lagrange's multiplier method.
Consider the following function:
where
. We shall show that there exist differentiable functions y 1 , y 2 , y 3 defined a neighborhood of p satisfying the following system of equations:
Since X 1 (p) = X 1 = E 1 (p), we have (y 1 , y 2 , y 3 ) = (1, 0, 0) at p. It follows from (3.1) and (3.3) that 2λ(p) = 3λ 1 . We set y 4 = λ. A straightforward computation yields
By (3.2), we have λ 2 = λ 1 = λ 3 . Hence the RHS of (3.4) is not zero. The implicit function theorem shows that there exist local differentiable functions y 1 (x), y 2 (x), y 3 (x), λ(x) on a neighborhood of p satisfying (3.3). The proof is finished.
Remark 3.1. In [1] and [5] , the authors didn't prove the differentiablity of X 1 (x).
If the eigenvalues A ϕX 1 (x) have constant multiplicities on a neighborhood V of p, we can extend X 2 and X 3 differentiably to vector fields X 2 (x) and X 3 (x) on V . We work on the open dense set of M defined by this property.
Correction to a paper by Biakoussis, Blair and Koufogiorgos
Let M be a C-parallel Legendrian submanifold of N 7 (ǫ). The condition that M is C-parallel is equivalent to ∇ϕh = 0, where ∇ is the Levi-Civita connection of M . Hence we have R · ϕh = 0, (3.5) where R is the curvature tensor of M . Using (2.3) and (3.1), from the property (3.5) we get a system of algebraic equations with respect to λ 1 , λ 2 , λ 3 , a, b, c, d, K 12 , K 13 and K 23 (see pages 211-212 in [1] ). However, the equation (3.19)-(iv) in [1] , i.e., c(a − 2c)(λ 2 − λ 3 ) = 0 is incorrect. It should be replaced by
In fact, it is obtained by (R(X 1 , X 2 ) · ϕh)(X 2 , X 2 ), X 3 = 0. Lemma 4.4 in [1] states that if λ 1 = 2λ 3 = 2λ 2 , then ǫ = −3. However, the proof is based on the the wrong equation (3.19)-(iv) (see page 214, line 11), and hence the statement is wrong. In fact, the case λ 1 = 2λ 3 = 2λ 2 can occur for ǫ = −3 (see next section).
On the other hand, following the wrong statement of Lemma 4.4 in [1] , the nonflat case of Theorem 5.1 in [5] is investigated. Therefore, the classification presented in the theorem is not complete.
Biharmonic C-parallel Legendrian submanifolds
We shall prove Theorem 1.1. First, we recall the following. Proof. By Lemma 4.2 in [1] , the case λ 1 = 2λ 2 = 2λ 3 = λ 1 cannot hold. According to the proof of Lemma 4.6 in [1] , the case λ 1 = 2λ 2 = 2λ 3 cannot hold for ǫ > −3. Hence, by Proposition 3.1 the proof is divided into the following three cases.
Case (i). λ 1 = 2λ 2 = 2λ 3 . In the proof of Lemma 4.3 in [1], we have
We choose a local orthonormal frame field {e 1 , e 2 , e 3 } as follows:
where the ± signs are determined by the sign of b. A straightforward computation leads to
h(e 1 , e 1 ) = −( 2(ǫ + 3)/4)ϕe 1 , h(e 2 , e 2 ) = h(e 3 , e 3 ) = ( 2(ǫ + 3)/4)ϕe 1 , h(e 2 , e 3 ) = 0, h(e 1 , e i ) = ( 2(ǫ + 3)/4)ϕe i , i ∈ {2, 3}, (3.7) which implies that M is H-umbilical. 
Case (ii
Moreover, in [1, (3.16 )-(iv), (3.21)]) the following equations have been obtained:
From (3.10), (3.11) and (3.9), we see
It follows from (2.3), (3.1), (3.8) and (3.12) that
where β = (ǫ + 3)/4. We choose a local orthonormal frame field {e 1 , e 2 , e 3 } as follows:
By a straightforward computation, we get h(e 1 , e 1 ), ϕe 2 = ck(a, c) λ 3 (λ 2 3 + c 2 ) 3/2 , h(e 1 , e 1 ), ϕe 3 = 0, h(e 2 , e 2 ) − h(e 3 , e 3 ), where k(a, c) is defined by
On the other hand, substituting (3.13) into the identity λ 2 2 λ 3 3 − (λ 2 λ 3 ) 2 = 0 gives
Thus, by using (2.2), from (3.15) we find that M is H-umbilical. Case (iii). λ 1 = 2λ 2 = 2λ 3 . We may assume that b = 0. The proof of Lemma 4.5 in [1] states that if M is non-flat, then a = 2c and a = c = d = 0. Thus, M is H-umbilical.
Proof of Theorem 1.1: The case (1) of Theorem 1.1 has been proved in (1) Theorem 5.1 of [5] . By Theorem 5.5 in [10] for n = 3 and Proposition 3.2, we obtain the case (2) of Theorem 1.1.
Biharmonic parallel Lagrangian submanifolds
Let CP n (4) denote the complex projective space of complex dimension n and constant holomorphic sectional curvature 4. We denote by J the almost complex structure of CP n (4). An n-dimensional submanifold M n of CP n (4) is called Lagrangian if J interchanges the tangent and the normal spaces at each point.
In Theorem 6.3 of [5] , Fetcu and Oniciuc classified proper biharmonic parallel Lagrangian submanifolds in CP 3 (4). However, the classification result is proved by applying the wrong statement of Lemma 4.4 in [1] , and hence it is also wrong. This section determines explicitly all such submanifolds. First, we recall the following. The following theorem completes the classification of proper biharmonic parallel Lagrangian submanifolds in CP 3 (4).
where y = (y 1 , y 2 , y 3 ), ||y|| = 1 and µ 2 = (4 ± √ 13)/3.
Proof. The case (1) has been proved in Corollary 6.4 of [5] . By applying Propositions 3.2 and 4.1, modifying the second equation of (5.33) in [10] to λ 2 + 2µ 2 = 6, we can prove the case (2).
Remark 4.1. The immersion described in (1) of Theorem 4.1 can be rewritten as (cf. [3] , [8] ) f (u, v, w) = (z 1 (u), z 2 (u)y(v, w)) ,
where (z 1 (u), z 2 (u)) is a Legendre curve in S 3 (1) given by (z 1 (u), z 2 (u)) = λ √ λ 2 + 1 e We can check that y(v, w) is C-parallel in S 5 (1).
